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DIFFERENTIAL 

CALCULUS



f I(x)   =  

FIRST PRINCIPLES

➢ We are going to find the gradient at a point, anywhere 

along any function, using the First Principles Formula:

𝑓′(𝑥) =
lim

ℎ → 0

𝑓 𝑥 + ℎ − 𝑓(𝑥)

ℎ

Visual representation of 1st Principles

Graphical Representation of Derivatives

http://www.khanacademy.org/video/calculus--derivatives-1--new-hd-version?playlist=Calculus
http://www.analyzemath.com/calculus/First_derivative/First_derivative.html


f(x) = 3

f(x+h) = 3 A CONSTANT so does NOT change
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First Principles Example:  

f(x) = a (where a is a constant)

𝑓′ 𝑥 =



f(x) = 2x

f(x+h) = 2(x+h)  = 2x + 2h
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First Principles Example:  

f(x) = ax

𝑓′ 𝑥 =



f(x) = x2

f(x+h) = (x+h)2 = x2 + 2xh +h2
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𝑓′ 𝑥 =

First Principles Example:  

𝒇(𝒙) = 𝒂𝒙𝟐



f(x) = 2x2 -1

f(x+h) = 2(x+h)2 - 1 = 2x2 + 4hx+ 2h2 -1
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Derivative of a Quadratic 

Function

First Principles Example:  

𝒇(𝒙) = 𝒂𝒙𝟐

𝑓′ 𝑥 =

http://www.analyzemath.com/calculus/derivative/derivative_quadratic.html


f(x) = 2x3

f(x+h) = 2(x+h)3 = 2(x+h)(x2+2xh+h2)

= 2x3 + 6x2h +6xh2+ 2h3
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Derivative 

of a Cubic 

Function

𝑓′ 𝑥 =

First Principles Example:  

𝒇(𝒙) = 𝒂𝒙𝟑

http://www.analyzemath.com/calculus/derivative/derivative_polynomial.html


Any number is a constant

𝑓′ 𝑥 =
lim

ℎ → 0

𝑓 𝑥 + ℎ − 𝑓 𝑥

ℎ

=
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ℎ → 0
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(
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1

=
lim

ℎ → 0

𝑥 − (𝑥 + ℎ)
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×
1
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𝑓 𝑥 =
1
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𝑓 𝑥 + ℎ =
1
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First Principles Example:  

𝒇(𝒙) =
𝒂

𝒙

Fractions within 

fractions are a 

clumsy! So, use 

division signs

Get an 

LCD



Any number is a constant

𝑓′ 𝑥 =
lim

ℎ → 0

𝑥 − (𝑥 + ℎ)

𝑥(𝑥 + ℎ)
×
1
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𝑥 − 𝑥 − ℎ

𝑥(𝑥 + ℎ)
×
1

ℎ

=
lim

ℎ → 0

−ℎ

𝑥(𝑥 + ℎ)
×
1

ℎ

=
lim

ℎ → 0
−1

𝑥(𝑥+ℎ)

=
1

𝑥[𝑥 + 0 ]

=
1

𝑥2

First Principles Example continued .. 𝒇(𝒙) =
𝟏

𝒙



1. Question:  f(x) =  …

Differentiated Answer:  𝑓′(𝑥) = …

2. Question:  y = …

Differentiated Answer:
𝑑𝑦

𝑑𝑥
= …

3.    Question: 𝐷 𝑥 [… ]

Answer: = …

DIFFERENTIATION NOTATION

Relationship between f(x) and f l (x)

http://www.univie.ac.at/future.media/moe/galerie/diff1/diff1.html


1. f  ‘ (a)    = 0 

2.    f  ‘ ( ax )  = a

3.    f  ‘ ( axn)  = n.a xn-1

where a and n are constants

RULES OF DIFFERENTIATION



1. 𝑓(𝑥) = −2

𝑓′(𝑥) = 0

2. 𝑓(𝑥) = 4𝑥

𝑓′(𝑥) = 4

3. 𝑓 𝑥 = −3𝑥2 + 6𝑥 − 9

𝑓′ 𝑥 = −6𝑥 + 6

Differentiation Rules Examples

𝑓′ 𝑎 = 0

𝑓′ 𝑎𝑥 = 𝑎

𝑓′ 𝑎𝑥𝑛 = 𝑛. 𝑎𝑥𝑛−1



4. 𝑓 𝑥 = 𝑥 − 1 𝑥 − 2

= 𝑥2 − 3𝑥 + 2

𝑓′ 𝑥 = 2𝑥 − 3

5. 𝑓 𝑥 =
1

𝑥

= 𝑥−1

𝑓′ 𝑥 = −𝑥−2

6. 𝑓 𝑥 =
𝑥

3
(= 

1

3
𝑥)

𝑓′ 𝑥 =
1

3

Differentiation Rules Examples

First multiply out brackets

Can’t differentiate with x in the 

denominator … so write with 

negative exponents

Careful now! There is 

no x in the denominator

Differentiation terms in the form ax^n

http://www.examsolutions.net/maths-revision/core-maths/differentiation/methods/ax%5en/tutorial1.php


7. 𝑓 𝑥 =
8𝑥2− 𝑥

𝑥

=
8𝑥2

𝑥
−

𝑥

𝑥

= 8𝑥 − 1

𝑓′ 𝑥 = 8

8. 𝑓 𝑥 =
𝑥2−9

𝑥−3

=
(𝑥−3)(𝑥+3)

𝑥−3

= 𝑥 + 3

𝑓′ 𝑥 = 1

Differentiation Rules Examples

Simplify by splitting terms! 

Simplify by factorization! 

Differentiating terms with fractions

http://www.examsolutions.net/maths-revision/core-maths/differentiation/methods/ax%5en/tutorial3.php


9. 𝑓 𝑥 = 𝑥

= 𝑥
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10. 𝑓 𝑥 = 4. 3 𝑥

= 4. 𝑥
1
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Differentiation Rules Examples

Can’t differentiate with roots, so 

write with rational exponents! 

Careful now with the 4 ! 

Recap of  the concept of  

the derivativeDifferentiating terms with roots

http://www.examsolutions.net/maths-revision/core-maths/differentiation/gradient-function/tutorial-1.php
http://www.examsolutions.net/maths-revision/core-maths/differentiation/methods/ax%5en/tutorial2.php

